We present empirical relations that connect the dimensionless ratios of fermion masses for the charged lepton, up-type quark and down-type quark sectors: |Vus| ≈ . Explaining these relations from first principles imposes strong constraints on the search for the theory of flavor. We present a simple set of normalized Yukawa matrices, with only two real parameters and one complex phase, which accounts with precision for these mass relations and for the CKM matrix elements and also suggests a simpler parametrization of the CKM matrix. The proposed Yukawa matrices accommodate the measured CP-violation, giving a particular relation between standard model CP-violating phases, β = Arg 2 − e −iγ . According to this relation the measured value of β is close to the maximum value that can be reached, βmax = 30
I. INTRODUCTION
Any theory of flavor must explain the fermion mass hierarchies as well as the quark mixing angles. Unfortunately, few patterns have been found in the measured values of fermion masses and mixing angles that can guide us in the search for an underlying theory of flavor. One of these, which has been known since 1968 [1] , is the well known empirical relation between the down-quark mass, the strange-quark mass and the Cabibbo angle,
This relation has driven the development of theories of flavor over more than three decades, starting in 1977 with the first attempt to explain it using family symmetries [2, 3] . Another quark mass relation that has been known for some time is,
Inspired by these two relations, many of the theories of flavor proposed to date have focused on generating Yukawa matrices that are polynomial in powers of λ, λ ≈ |V us |, with coefficients of order 1 [4] . There is a third famous relation. It was argued as early as in 1979 that at momenta larger than 10 15 GeV quark and charged lepton masses are related by, An ingenious method was proposed to account for this relation by the use of SU(5) Clebsch-Gordan coefficients [5] . Other than these relations, it is usually claimed that the fermion masses follow scaling laws of the form (m d , m s ) ≃ (λ 4 , λ 2 )m b in the down-type quark sector, (m u , m c ) ≃ (λ 8 , λ 4 )m t in the up-type quark sector and (m e , m µ ) ≃ (λ 4 , λ 2 )m τ in the charged lepton sector. As can be easily checked, however, these scaling laws are qualitative and do not survive a precision analysis.
The measurement of the top quark mass in 1995 and the continuous improvement in the extraction of other quark masses during the last decade motivate a more systematic search for precise empirical relations between dimensionless ratios of fermion masses in each fermion sector. There are six independent fermion mass ratios of this kind, two for each fermion sector. It is possible for hidden regularities to manifest themselves more clearly through higher order dimensionless ratios of fermion masses, i.e. ratios of the form m . We review in the appendix the calculation of lepton and quark running masses which are used in Sec. II. In Sec.III we analyze Yukawa renormalization corrections that affect the studied mass relations when evolved with the renormalization scale, especially to the ratios including third generation fermion masses. In Sec. IV we show that, as a consequence of these new empirical formulas the fermion mass hierarchies can be expressed as a function of two basic parameters, λ and θ. In Sec. V we show, neglecting CP-violation, that the absolute values of the CKM mixing matrix elements can also be expressed as simple functions of the basic parameters λ and θ. In Sec. VI we propose, neglecting CP-violation, a simple reconstruction of the quark Yukawa matrices that accounts for the correlations found in the previous sections. In Sec. VII we introduce CP-violation in the textures proposed in Sec. VI and study its predictions for the CP-violating parameters. In Sec. VIII we study the precision predictions for the lighter quark masses, CKM elements and charged lepton masses arising from the texture proposed in Sec. VI. In Sec. IX we point out that the simplest solution to account for the relations between the charged lepton sector and the quark sector can be found in the the extension of the Standard Model SU (3) C × SU (2) L × U (1) Y symmetry to the SU (5) symmetry of Georgi and Glashow. In Sec. X we speculate about the characteristics of underlying flavor models that can reproduce these empirical mass relations.
II. CORRELATIONS BETWEEN DIMENSIONLESS FERMION MASS RATIOS
In this section we will look for patterns in the dimensionless mass ratios of running fermion masses. Other than the fact that the first fermion generation is lighter than the second and this is lighter than the third generation, there are no other evident regularities in the fermion mass spectra, as can be observed in Fig. 1 . Based on the experimental fact that the third generation is much heavier than the first and second generations and that the quark mixing angles are small we hope that there is a simple mechanism of flavor breaking which generates at some higher energy scale a simple structure in the normalized Yukawa matrices. If this is the case it is plausible that at such scale the normalized Yukawa matrices have the form,
where λ, θ, · · · represent generically some perturbative flavor breaking parameters, i.e. λ, θ, · · · ≪ 1, directly related to the underlying theory of flavor. We note that in many flavor models proposed in the literature the flavor breaking is parametrized by a unique parameter λ. Therefore we expect the fermion mass ratios in each one
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FIG. 1:
The fermion mass spectra.
of the three fermion sectors: up-type quark, down-type quark and charged lepton to be expressed as a simple polynomial functions of the flavor parameters: λ, θ, · · ·,
Let us assume to simplify the discussion that there are only two flavor breaking parameters: λ and θ. In this case it would be possible to solve the previous system of equations and obtain expressions for λ and θ as a function of the fermion mass ratios,
This can be done for each fermion sector separately. This makes plausible that underlying patterns manifest more clearly in higher order mass ratios, even though these can be expressed as a function of the six basic fermion mass ratios. When searching for mass relations between different fermion sectors, it is convenient to calculate ratios of running fermion masses at a common renormalization scale. If there are regularities in the underlying Yukawa matrices, these will be manifested more clearly in the ratios of running fermion masses, not in the ratios of physical masses. Using the running masses that we have calculated in the appendix we obtain dimensionless mass ratios in the charged lepton, up-type quark and down-type quark sectors. We calculate ratios of order 1, c [1] , order 2, c [2] , and order 3, c [3] . These ratios are generically of the form,
where a, b, c = 1, 2, 3 are generation indices. Our numerical results are shown in table I. We have also included uncertainties for the mass ratios, ∆c, calculated using ∆c = |∂c/∂m a | ∆m a , where ∆m a are the uncertainties in the determination of running fermion masses. The measured quark and charged lepton masses used as an input in our calculations are explained in detail in the appendix. We have compared analogous c coefficients in the three different fermion sectors, looking for simple correlations of the form, c p = rc q or c p = c r q where r is a low integer number and p, q = l, u, d denote similar ratios in the charged lepton, up-type or down-type quark sectors.
We have first searched for correlations between the mass ratios in the up-type quark and down-type quark sectors. We have only found two clear correlations. The first correlation appears for the order one coefficient in entry I of table I. The correlation appears between the ratios,
and the Cabibbo angle |V us |. These ratios have uncertainties respectively of the order ±16% and ±8% of the central values. It is convenient to show this correlation in an alternative form, which makes it more manifest,
This correlation has been known for some time. Curiously, we also find an interesting correlation with the analogous ratio in the charged lepton sector,
The ±15% uncertainity in the calculation of this ratio comes from the uncertainty in the determination of the lighter quark masses. This indicates that the following ratio in the charged lepton sector,
gives a numerical value very close to the Cabibbo angle and to the ratios in Eqs. 12 and 13. It was first pointed out in 1979 by Georgi and Jarlskog [5] that at momenta larger than 10 15 GeV quark and charged lepton masses seem to be related by,
and that this relation could be explained by the use of SU(5) Clebsch-Gordan coefficients. We want to emphasize that the previous correlations indicates that indeed there is a very precise relation between the Cabibbo angle and the ratios of the fermion masses of the first and second generation,
We will see in Sec. III that, as a very good approximation, this relation is renormalization scale independent. We have found only one more simple correlation amongst the dimensionless mass ratios shown in In Sec. III we searched for correlations between dimensionless ratios of fermion masses at low energies. Nonetheless, it is known that the top quark Yukawa coupling is of order 1, since the top mass is of the same order than the electroweak scale. This implies that Yukawa coupling corrections cannot be ignored in the renormalization of the third generation fermion masses to very high energies. In models where the Higgs fields are flavor independent approximate solutions that relate mass ratios at different renormalization scales µ and µ 0 are given by,
In the case of the SM and the MSSM these effects can be calculated approximately from available one-loop renormalization group equations [6] . we obtain ξ b = ξ −1 t = ξ and ξ is defined by,
Moreover the tau lepton Yukawa renormalization factor is very small,
We are interested in evaluating how the correlations found in Sec. II evolve with the renormalization scale when including Yukawa corrections. To this end let us define the dimensionless ratios,
Their evolution, using Eqs. 28, 29 and 30, is given by,
If we assume that µ/µ 0 = M G /M Z ≈ 10 14 we obtain ξ ≈ 1.36. If we extrapolate the mass relations up to the GUT scale using SM RGEs we obtain,
and
which must be compared with the low energy ratios calculated in Sec. II
Therefore the renormalization up to the GUT scale seems to spoil the mass correlation between the up and downtype quark sector. These results are summarized in Fig. 2 and they may indicate that the Yukawa scale, the scale where the Yukawa couplings are generated, is an intermediate scale much lower than the GUT scale or alternatively that is not correct to use SM RGEs in the evolution of the fermion masses up to the GUT scale. If we assume that the couplings evolve according to the MSSM RGEs the results depend on tan β, the ratio of Higgs expectation values in the MSSM. We obtain,
Therefore we obtain the following scaling factors for low tan β,
Here ξ was defined in Eq. 32 and using µ/µ 0 = M G /M Z we obtain ξ 4/3 ≈ 1.5 and ξ −2/3 ≈ 0.81. For large t β we obtain,
Here ξ −8/3 ≈ 0.44 for µ/µ 0 = M G /M Z . Therefore in the MSSM, for both cases low and large tan β, we cannot extrapolate the mass relations to scales as high as the GUT scale without spoiling the successful low energy mass relations. This again may be an indication that the Yukawa scale is not so far from the electroweak scale. We would like to point out that the ratios of first to second generation fermion masses; m d /m s , m u /m c and m e /m µ , receive tiny Yukawa renormalization factors. Therefore the mass relation,
can be considered renormalization scale independent. To sum up, this analysis indicates that the second empirical relation, as given by Eq. 27, may be optimal at some intermediate or low energy scale. Nevertheless, the present uncertainities in the ligther quark masses are not small enough to allow us the determination of the scale at which this empirical formula is optimal.
IV. THE FERMION MASS HIERARCHIES
The empirical formulas found in the previous section can be simply understood if the fermion mass hierarchies are expressed as a function of two real parameters that we will denote hereafter by θ and λ. Let us assume that the ratios of running masses can be written in the following form,
(m e , m µ ) = 1 3
We can easily prove that if this is the case we obtain immediately the correct empirical mass relations,
In other words we can say the the hierarchies in Eqs. 47-49 solve the Eqs. 50-51. We pointed out before that λ corresponds approximately to the Cabibbo angle. The parameter θ may be considered a new flavor parameter that seems to suppress, in all three fermion sectors, both first and second generation masses in the same amount with respect to the third generation. The fact that θ and λ connect different fermion sectors and that the correlations we have found work at a quantitative level suggest that θ and λ could be directly related to the underlying theory of flavor. We expect that any theory of flavor must be able to explain these correlations from first principles, and perhaps provide a prediction for θ and λ.
Although the important uncertainties in the current extraction of lighter quark masses make impossible to know to what extent the relations in Eqs. 50 and 51 hold, it is plausible to study the implications derived of assuming that these relations are exact or almost exact. If this were the case we are lead to assume that the charged lepton sector is providing us the most precise determination of the basic flavor parameters λ and θ, λ ≈ 0.21 and θ ≈ 0.095.
V. THE CKM MIXING MATRIX HIERARCHIES (NEGLECTING CP-VIOLATION)
A theory of flavor must explain the fermion mass hierarchies and the measured flavor mixing. Therefore it is important for the reconstruction of the Yukawa matrices to study if it is possible to express the absolute values of the CKM matrix elements as simple functions of the two basic flavor parameters, θ and λ. We include for completeness a compilation of the latest extractions of the elements of the CKM mixing matrix, V (52) Here to obtain |V ud | two measurements, from superallowed Fermi transitions and nuclear beta decay, have been combined, as in page 36 of the 2002 CERN Workshop on the CKM matrix [7] . The value used for |V us | was calculated in page 37 of the same reference by requiring unitarity. For |V ub | and |V cb | we use the latest extractions from B physics, as in page 6 of the same reference. For the rest of CKM elements we use the 2002 PDG compilation values [8] . We fit each of the measured absolute values of the CKM matrix elements to simple functions of products of integer powers of the fundamental parameters λ and θ. We use the numerical values for θ and λ as determined from the charged lepton sector, i.e. θ ≈ 0.095 and λ ≈ 0.21, and look for correlations of the form r θ p λ q , where p and q are integer numbers and r is a low integer or rational number. We obtain as the best fits to the measured CKM elements the functions,
We note that the ratio |V ub /V cb | has an important uncertainity which, in principle, would allow us to fit it at 2σ to both terms θ or λ/2. The large experimental uncertainty in the entry |V td | does not allow us to implement a fit to θ and λ. Therefore we obtain, ignoring CP-violating phases, the following structure for the CKM matrix as a function of the parameters θ and λ,
where a, b and c must be considered unknown functions of θ and λ which can be calculated requiring the matrix V CKM (λ, θ) to be unitary. This determines a system of three equations which can be solved requiring unitarity to order O(λ 3 ),
We obtain a = c = θλ
We note that if we had chosen the correlation |V ub /V cb | ≈ θ instead of |V ub /V cb | ≈ λ/2 the CKM matrix could not meet the unitarity requirement. We also note that one of the most interesting characteristics of the Yukawa matrices proposed in this section is that they account for the quark mass ratios and CKM elements quantitatively with only two real parameters. It is known that a general unitary matrix can be parametrized using three mixing angles and a complex phase. Our results indicate that only two real parameters seem to be necessary to account quite well for the absolute values of the CKM elements and quark mass ratios. The CKM reconstructed matrix in Eq. 60 can be expressed, using the standard PDG notation [8] as the product of three rotation matrices, each around a different axis,
where θ 12 = λ, θ 23 = θλ and θ 13 = θλ 2 . Here R 12 (θ 12 ) is a rotation of angle λ in the first-second generation plane,
and R 23 (θ 23 ) and R 13 (θ 13 ) are a rotations of angle θλ and θλ 2 around the second-third and first-third generation planes respectively,
and,
We have seen that present experimental data allow us to express the fermion mass hierarchies and the absolute values of the CKM matrix elements as a function of two basic parameters θ and λ. Throughout this section we have ignored the presence of a CP-violating phase, which is required experimentally. The presence of CP-violating phases could affect seriously the relations between the absolute values of some of the CKM elements and the parameters λ and θ as proposed in this section. We will see in Sec. VII that CP-violating phases can be included in the previous analysis giving an excellent fit to the data.
In the next section we will show that to leading order in λ there is a unique set of Yukawa matrices that can reproduce these hierarchies.
VI. QUARK YUKAWA MATRICES (NEGLECTING CP-VIOLATION)
In this section we propose a particular reconstruction of the quark Yukawa matrices that can explain the quark mass and mixing hierarchies found in previous sections. We restrict our discussion to symmetric mass matrices. We will also assume that correct CKM elements or masses do not arise as approximate cancellations requiring the tuning of different Yukawa matrix elements. It is convenient to define the 3 × 3 normalized fermion mass matrices as,
Here m D,U are the quark mass matrices and m b and m t are normalized bottom and top quark masses, which are defined as the ratio of bottom and top quark running masses over the largest eigenvalue of the respective normalized matrix. We have the freedom to choose the entry (33) in the normalized mass matrices equal to 1, which correspond to the heaviest eigenvalue. Although not diagonal in the gauge basis the matrix m D can be brought to diagonal form in the mass basis by a biunitary diag-
. Analogously the up-type quark mass matrix, m U , can be brought to diagonal form in the mass basis by a biunitary diagonal
First we note that it is not possible to generate the Cabibbo angle, λ ≈ |V us |, from the mixing between the first and second generations in the up-type quark sector. The normalized charm quark mass is approximately θλ 2 , therefore to generate the correct magnitude for 22 , we would need ( m U ) 12 ≈ θλ 3 but if it this were the case the normalized up mass would be too heavy,
, which is in disagreement with the measured up-top mass hierarchy, m u /m t ≈ θλ 6 . Obtaining the correct up-quark mass give us a bound on the entries of the upper-left submatrix of the normalized up-type quark matrix, which must look like,
Therefore the Cabibbo angle must arise from first-second generation mixing in the down-type quark sector. We pointed out in the previous sections that the measured hierarchies in the down-type quark sector can be written as,
We note that assuming ( m D
This is consistent with a down quark mass mainly generated from the firstsecond generation mixing as first pointed out by [3] , i.e.,
since in this case one correctly obtains
Furthermore, as shown in the previous section, the measured hierarchies between the CKM elements can be written as, 
We must note here that the possibility to fully generate |V ub | in the up-sector is not viable, if that were the case we would generate a up-quark mass one order of magnitude too heavy. This m D matrix would predict successfully all the elements of the CKM mixing matrix, assuming the mixing in the up-type sector does not affect the leading order predictions in λ. This can be observed in the expressions for the diagonalization matrix,
Using this we obtain for the mass eigenvalues to leading order in λ,
which is in perfect agreement with the reconstructed quark mass hierarchies in Eq. 47. In the previous reasoning we assumed that the possible flavor mixing in the up-type quark sector does not affect to leading order the predictions for the CKM matrix which are generated in the down-type sector. If this were the case, there are two simple solutions which allow us to generate the correct up-quark mass: directly from an entry (11),
or from the first-second generation mixing,
Since both possibilities make the same predictions for quark mass ratios and CKM elements both are equivalent by a rotation of the quark fields. It could be possible to generalize the previous solution to a solution that generates part of |V cb | from flavor mixing between second and third generations in the up-type quark sector. Let us assume that,
In this case the diagonalization matrices are respectively,
where η = (2 − ǫ) and,
These two solutions; the one given by Eqs. 69 and 72-73 or the one given by Eqs. 74 and 75 are indistinguishable in their predictions for quark mass ratios and CKM elements to first order in powers of λ. Both reproduce the correct form for the CKM matrix in Eq. 60. Therefore they are equivalent and can be related by a rotation of the quark fields. We note that from their diagonalization we obtain the correct empirical expressions for λ and θ as a function of dimensionless quark mass ratios (see Eqs. 18 & 27) . To first order,
Nevertheless, there are in principle other solutions that are not equivalent to the family of solutions here proposed and make the same predictions to leading order. These could be differentiated in their precision predictions for mass ratios and CKM elements when including higher orders in powers of λ. • . The solid curve corresponds to the leading order relation between β and γ given by Eq. 85. The dotted curved corresponds to the next to leading order relation given by Eq. 104
VII. INTRODUCING CP-VIOLATION
We have seen in the previous section that a set of two parameter Yukawa matrices of the form given in Eqs. 69 and 72 represents a family of solutions, in the basis where the up-type Yukawa matrix is diagonal, that can account for the quark mass ratios and the absolute values of the CKM matrix elements. It is possible to introduce complex phases in this picture to account for the measured CP-violation without spoiling these successful predictions. In order to do so we promote the real symmetric matrix in Eq. 69 to be hermitian. In the most general hermitian case we can introduce complex phases in the form,
By a redefinition of the phases of the quark fields this can be simplified to,
where γ = −(ψ 2 −ψ 1 −ψ 3 ). If this were the case we obtain for the CKM matrix,
The angle γ introduced this way coincides with the standard definition,
Furthermore the angle β is given by,
The angle α can be obtained from the relation, α+β+γ = 180
• . The hermitian matrix of the form given by Eq. 81 predicts a simple relation between the angles β and γ, which to leading order is,
The angle β can been determined with 7% accuracy using the experimental determination of sin 2β, sin 2β = 0.78 ± 0.08. We obtain β exp = 25.7
• ± 3.5
• . This indicates that the value of β that nature has chosen is close to the maximum value that β can reach in the case under consideration, β max = 30
• , which appears for γ = 60
We note that this does not correspond with the case of maximal CP-violation. If we compute the determinant of Jarlskog matrix,
where J is the Jarlskog parameter, the invariant measure of CP-violation, which in our case is given by,
We note that the maximal CP-violation case corresponds to γ = π/2 and using the Eq. 85 this corresponds to,
Although there is a simple relation, see Eq. 85, between β and γ the angle γ, as can be seen in figure 3 , cannot be determined with good precision from that relation and the experimentally determined value of β. We obtain, γ theo = 65
• , which is in agreement with the 2004 winter global fit of the CKM elements. obtained using the results of program CKMFitter [9] ,
Alternatively we can use this experimental value of γ to predict β from the Eq. 85, as can be seen on Fig. 3 . We obtain to leading order,
which corresponds to sin(2β) theo = 0.855 ± 0.001. The Jarlskog parameter is determined experimentally to be J = (3.0 ± 0.3) × 10 −5 . The use of the Jarlskog parameter does not allow us to extract γ with better precision because of the uncertainties in the determination of λ and θ. On the other hand our expression for J predicts an interesting relation between J and the quark masses,
Finally, we note that there two non-trivial characteristics in the relation between β and γ, Eq. 85, as predicted by the CKM matrix in Eq. 82: first there is no dependence on λ or θ to first order and second and most important the relation agrees with the experimental measurements of β and γ.
VIII. PREDICTIONS FOR MASSES AND MIXINGS
In this section we want to show that the simple three parametric Yukawa matrices proposed in Sec. VII can fit all the experimental data on the fermion spectra with precision. We study in this section precision predictions for the lighter quark masses and CKM elements. Let us assume that the m D Yukawa matrix is given by Eq. 81 while the m U matrix is given by Eq. 72. If we postulate these up-and down-type quark Yukawa matrices we can express the CKM elements and the quark mass ratios as a function of θ, λ and γ. The down-type quark mass ratios can be calculated to the next to leading order in λ from the diagonalization of Eq.81,
experimental input parameters |Vus| 0.2225 ± 0.0035 mc/mt (3.7 ± 0.4) × 10 Here c γ = cos(γ). The up-type quark mass ratios are given by,
while the absolute values of CKM matrix elements to the next to leading order in λ are given by,
and |V cd | = |V us |. while β and γ are related to the next order in λ by,
We use as an input three parameters determined experimentally: |V us |, m c /m t and the angle γ, whose numerical values can be read in table II. We determine λ, θ solving numerically the system of Eqs. 95 and 96. Finally we use these together with the measured third generation fermion masses to predict the masses of the lighter quarks, the rest of the CKM elements and sin(2β), the results are shown in table II. It is remarkable that all the next to leading order predictions agree with the respective measured values. We note that the value predicted for sin(2β) is slightly lower than the value predicted to leading order in the previous section.
It is worth to note that a theory of flavor must predict succesfully the so-called Q factor. This is a combination of quark masses which has been determined experimentally from pseudoscalar meson masses to a 3.5 % accuracy. It is defined by,
In our case using the central values for θ, m t , m b and γ in table II and λ = 0.211 ± 0.007 we obtain Q = 23.5 ± 0.80 which agrees at 1σ with the experimental result. For λ = 0.218 we obtain the central value Q = 22.7. We note that it is not convenient to use the measured value of Q to determine one of the basic parameters, instead of |V us | or m c /m t , because Q contains a implicit dependence on the uncertainity in the top and bottom quark masses. . We can choose two observables to determine θ and λ. In table II we chose |V us | and the charm/top quark mass ratio. Therefore we obtain the following true predictions: two quark mixing angles, a prediction for the CP-phase β, the up, down and strange quark masses plus the electron and muon masses. A total of 8 true succesfull predictions as can be seen in table II.
IX. CHARGED LEPTON SECTOR SPECTRA AND THE GEORGI-JARLSKOG FACTOR
We pointed out in Sec. II, see Eqs. 18 and 27, that there are empirical relations that connect the charged lepton and the quark masses. In this section we argue that there is already a simple explanation for these relations, the Georgi-Jarlskog factor. Let us assume that the normalized Yukawa matrix for the charged lepton sector is given by,
If this were the case the charged lepton mass ratios could be calculated by a biunitary diagonalization,
which would explain the observed empirical formulas. A matrix like Eq. 106, especially the relation ( m L ) 22 = 3( m D ) 22 , could be understood in the context of grand unified models. For instance, by embedding the quark and lepton fields in the representations 5 and 10 of SU (5) and assuming a non-minimal Higgs structure in the unified theory [5] such that the field that couples to the matter fields generating the ( m L ) 22 entry transforms under the representation 45 of SU (5). The corresponding Clebsch-Gordan factors could generate the factor 3 in the entry (22) of the charged lepton Yukawa matrix. We must emphasize that even tough the original GUT model by Georgi and Jarslkog is ruled out the Georgi-Jarslkog factor, or in other words the 45 Higgs, has been used by many models especially supersymmetric GUT models which are not ruled out by current data. This may indicate that the empirical relations support a mechanism which can be implemented in many GUT models but it does not support a particular GUT model. Using the measured charged lepton mass ratios and the 1σ global fit value of γ we can determine the parameters λ and θ in the charged lepton sector from Eqs. 107 and 108. Then using the top and bottom quark masses and the results of the previous section we can predict the four lighter quark masses, the CKM elements and sin(2β). The results are presented in table III. All the predictions are very close to the respective measured values, which is consistent with the numerical results in the previous section.
Alternatively one can use the values of λ and θ as determined from the quark sector together with the measured tau lepton mass to predict the electron and muon masses from Eqs. 107 and 108. The results, which are shown in table II, are consistent with the measured electron and muon physical masses.
X. PERSPECTIVES AND CONCLUSIONS
In this section we include some considerations regarding the possible characteristics of an underlying theory of flavor that is able to make sense of the previous results. To recapitulate,
1. There are two empirical formulas that connect the six fermion mass ratios and the CKM elements, 2. A simple three-parametric set of Yukawa matrices for the quark and charged lepton sectors can generate these relations naturally and account for the measured fermion mass ratios and CKM elements, 3. The simplest explanation of the charged lepton hierarchies requires the use of grand unification to account for the factor 3 in entry (22) of the charged lepton Yukawa matrix, 4. The proposed empirical formulas work perfectly at low energies but seem to get spoiled when extrapolated to very high energies, of the order of the GUT scale M G ≈ 10 16 GeV.
Additionally, the proposed Yukawa matrices have the following characteristics,
1. All the entries except entry (33) are proportional to a common parameter, θ, which is approximately θ ≈ 0.1 2. The generation of the correct fermion mass hierarchies requires the introduction of different powers of λ, the second flavor parameter, which is approximately λ ≈ 0.21 3. The CP violating phases β and γ are related by a simple formula, which predicts that the maximum value of β that can be reached is close to the measured value
We note that any theory of flavor that can generate the simple set of matrices proposed in this paper (or an alternative set of matrices equivalent to leading order in λ) would automatically fit the experimental data. The generation of hierarchies in the Yukawa matrices, like the hierarchies generated by polynomial matrices in powers of λ, is relatively easy to implement through the breaking of a flavor symmetry, assuming that the vevs of the flavor breaking fields have a certain hierarchical structure. There are two characteristics I want to highlight: the presence of a common parameter in all the entries of the Yukawa matrices except entry (33), and the fact that the empirical relations seem to get spoiled when extrapolated to very high energies. A possible theory to explain the presence of a common parameter in all the entries of the Yukawa matrices except entry (33) is the radiative generation of Yukawa couplings. We note that the parameter θ has the right size to be a loop factor. If this is so, the Yukawa couplings must be generated at a scale not very high; otherwise our mass relations would be spoiled, as was pointed out above. To generate Yukawa couplings radiatively, one has to postulate the existence of additional fields belonging to two different sectors: the flavor breaking sector and the flavor messenger sector. The messenger sector fields would transmit flavor violation from the flavor breaking sector to the matter sector, generating Yukawa couplings radiatively. One more piece of the puzzle is the factor 3 in the charged lepton Yukawa matrix; the simplest explanation of this factor requires grand unification. Interestingly, supersymmetric models can reconcile the generation of the Yukawa couplings at low energy with grand unification [10] . It is known that grand unification in the context of supersymmetric models can successfully predict the weak mixing angle if the unification scale is around 10 16 GeV. This provides us with a consistent scenario where we can generate the Georgi-Jarlskog factor. On the other hand, the presence of soft supersymmetry breaking terms allows for the radiative generation of quark and charged lepton masses through sfermion-gaugino loops. The gaugino mass provides the violation of fermionic chirality required by a fermion mass, while the soft breaking terms provide the violation of chiral flavor symmetry [11] . In this case the superpartners of the Standard Model matter fields would be the flavor messengers. A supersymmetric model that implements the low energy radiative generation of Yukawa couplings has been proposed recently. This was achieved by postulating a U(2) horizontal symmetry [12] that is broken by a set of supersymmetry breaking fields [10] . The model can also overcome the present constraints on supersymmetric contributions to flavor changing processes [13] .
It is known that 13 out of the 18 parameters of the Standard Model belong to the flavor sector: 9 fermion masses, 3 mixing angles and 1 CP-violating phase. We have shown in this paper that there are regularities un-derlying the measured fermion masses that allow us to connect them through two simple empirical formulas. This implies a reduction in the number of fundamental parameters in the underlying theory of flavor from 13 to 6. We have proposed a simple set of three-parameter Yukawa matrices, with two real parameters and a complex phase, that can precisely account for these mass relations and give us a simpler parametrization of the CKM matrix The proposed set of Yukawa matrices may make the features of the underlying theory of flavor more apparent. Any theory of flavor that is able to generate this set of matrices would automatically fit the experimental data. Furthermore, the proposed Yukawa matrices predict a simple and succesfull relation between the SM CP-violating phases. We have also pointed out that the empirical mass formulas between the quark and charged lepton masses find their simplest explanation in the context of grand unified theories. There is hope that our knowledge of the ligther quark masses is going to improve considerably in the near future by the use of lattice QCD methods. These empirical relations, if confirmed, could be a guiding light in the search for the underlying theory of flavor. masses down to µ = 2 GeV. To calculate the running top quark mass at µ = 2 GeV we use the two-loop relation between the MS and pole quark masses, which is known through order O(α 3 s ) [21, 22, 23, 24, 25, 26] 
(127)
Here n is the number of light quarks, the integration constantm is the renormalization group invariant mass. We do not need to knowm because, if we denote the right hand side asm MS F n (µ), the running mass at scale µ can be calculated from a given running mass at scale m(m) MS using the expression,
In the case of four active light quarks we obtain, 
To compute these we need the values of α s (m b ), α s (m c ) and α s (µ) corresponding to the experimental measurement at α s (m Z ). To this end we use the three loop analytical formula for α s in the MS scheme [27] , which is Here t = ln µ 2 /Λ 2 n and Λ n is the integration constant for n light quarks, to be determined from experiment. The four loop contributions to Eq. (130) have also been calculated [29] and found to be very small. In practice, we use the value of α s (M Z ) to first determine Λ 5 Finally we can calculate the running quark masses at µ = 2 GeV. We calculate the top quark mass from Eq. 125 using as an input the top pole mass in Eq. 119 and α s (µ) as determined in Eq. 134. We obtain, m t (2 GeV) MS = 298.2 ± 15.4 GeV.
The uncertainty comes from the top pole mass uncertaninty and from the the uncertainty in the determination of α s (µ). Alternatively one can compute the top quark running mass at the top scale, m t (m t ) using Eq. 125 and then use formula Eq. 128 to calculate m t (µ). These two approaches give the same numerical results. The charm and bottom quark running masses are calculated from Eq. 128, using as an input the running masses, 
